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Abstract-It is generally accepted that the pressures exerted by stored bulk solid on silo walls after
filling are closely predicted by the Janssen theory. However. recent experimental observations of
silo wall pressure have shown significant deviations from Janssen pressures even after careful
symmetrical filling. Both meridional and circumferential variations from the Janssen values have
been found. which induce bending of the wall in reinforced concrete silos and high membrane
stresses in steel silos. It has been suggested that the presence of geometric imperfections in the silo
wall is a likely cause of these pressure variations. However. no rigorous investigation of the effects
of uneven surface profile on wall pressures appears to have been performed. though some simple
calculations have been produced. This paper presents a finite element study of the effects of a local
axisymmetric wall imperfection on pressures acting on the wall of a circular silo. The effects of
imperfection height and imperfection geometry on wall pressures are also investigated. (. 1997
Elsevier Science Ltd.
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Young's modulus of silo wall and stored solid. respectively
silo height
peak pressure
Janssen asymptotic normal wall pressure (= ;'R 2/1)
silo radius
silo wall thickness
vertical coordinate with origin at silo floor
vertical coordinate at centre of geometric imperfection
stiffness parameter (= E,.R;E,,t)
angle of the conical surcharge of stored solid (angle of repose)
amplitude of geometric imperfection
silo wall shell bending half wavelength ( = 2.44, RI)

Poisson's ratio of silo wall and stored solid. respectively

1. INTRODUCTIOJ\i

It is generally accepted that the silo wall pressures exerted by stored bulk solid after
filling are closely predicted by the Janssen theory (1895). However, recent silo pressure
experiments have shown that significant deviations from the Janssen pressure distribution
can occur even under careful symmetrical filling (M unch-Andersen and Nielsen, 1990; Ooi
el al.. 1990; Ooi and Rotter, 199 I). In general. the departures from Janssen pressures vary
in both the vertical and horizontal directions, and have been shown to be both large and
systematically repeatable from one test to another in the same silo (Ooi el al.. 1990). The
pressure variations induce bending in reinforced concrete silos. which can cause cracking.
In steel silos, they can induce high compressive stresses which can significantly reduce the
buckling strength.
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The deviations from the Janssen pressures have been attributed to several factors
including the inhomogeneity of the stored solids. the variation of wall roughness and the
presence of small geometric imperfections in the silo wall (Jenike et al.. 1973a; Nielsen,
1983; Hartlen et al.. 1984: Ooi et al.. 1990). In particular, the unevenness of the internal
surface of the silo wall (the wall geometric imperfections) is thought to be capable of
inducing large local changes in wall pressure. The effects of "induced" local imperfection
produced by mounting a pressure cell have been studied in detail by Askegaard and his co
workers (Askegaard et al., 1972: Askegaard and Andersen. 1982). Their experimental
investigation found that small irregularities in the silo wall can give rise to considerable local
variation of wall pressure. Some simple approximate calculations using rather restrictive
assumptions have also been undertaken (e.g.. Nilsson. 1986). However. no proper inves
tigation of the effects of geometric imperfections appears to have been performed.

Geometric imperfections in practical silo structures are known to have a major effect
in reducing the structural strength of metal silos (Rotter and Teng. 1989). However. these
studies did not include the effects of geometric imperfections on the wall pressures and the
corresponding stress changes in the silo wall. If a geometric imperfection changes the
stresses in the wall significantly. this might increase or decrease the risk of structural failure.
For metal silos, imperfections in the form of a circumferential weld depression are common
and have been identified as the most damaging type of imperfection for axial compression
buckling (Rotter and Teng. 1992). For concrete silos, the slip forming technique used in
construction can also lead to a local ring imperfection in the wall. In this paper. an
axisymmetric deviation is introduced into an initially unstressed perfectly cylindrical silo
wall to simulate such a local imperfection.

This paper presents a tinite element study of the effects of a local axisymmetric
geometric imperfection on the pressures acting on circular silo walls. The effects of the
geometry and height of imperfection are also explored.

2 THE FINITE ELEMENT ANALYSIS

2.1. General
There have been many attempts at finite element predictions of wall pressures on

geometrically perfect silos (e.g. Bishara et al.. 1983: Mahmoud and Abde1-Sayed. 1981;
Haussler and Eibl. 1984; Rombach and Eibl. 1989). These studies often involved complex
characterisations of the stored solid involving many parameters whose significance is not
easily understood. It has been shown that complex characterisation of the bulk solid is not
necessary in many situations, including the tilling condition. for the satisfactory prediction
of silo wall pressures (Ooi and Rotter. 1989. 1990). However. a proper modelling of the
frictional contact between the bulk solid and the wall is essential.

No finite element predictions of pressure in geometrically imperfect silos appears to
have been pUblished. The theories which suggest that a geometric imperfection in the silo
wall should lead to locally higher or lower pressures all rely on the solid having a finite
stiffness. Here the bulk solid is treated as homogeneous and linear elastic. This simple
assumption allows the solid stiffness to be characterised in a manner which is easily
understood. so that its effects on wall pressures in imperfect silos can be assessed. This
study should thus provide a basis for understanding the predictions of analyses involving
more complex material characterisations.

2.2. The imperfection
An axisymmetric geometric perturbation was introduced into an initially unstressed

perfectly cylindrical silo wall to simulate a circumferential geometric imperfection. The
departure from the perfect cylindrical shape is shown in Fig. 1 and is given by

- 'l (7[1.::-.::,,1)' . (.7[I:--:-ol)\J()=()"e- n
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-. '" cos . + sin --.-
III. III.

(1)

where ;. is the shell meridional bending hall' wavelength and has a value of 2.44-) Rt; 6"
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Fig. I. Imperfection geometry

and ::" are the amplitude of the imperfection and the vertical coordinate of the centre of
imperfection, respectively. The imperfection is applied in the inward radial direction (i.e.
decreasing the silo cross-sectional area) as shown in Fig. 2. With this imperfection, the silo
cross-sectional area increases slightly before reducing towards b" at the centre of the
imperfection. This shape of geometric imperfection has previously been used in buckling
analyses of silo walls (Rotter and Zhang, 1989; Teng and Rotter, 1992). The shape of the
imperfection is closely related to the deformed shape which the wall would adopt if the
imperfection were caused by weld shrinkage alone. Measurements of the imperfections in
full scale silos indicate that the amplitude is typically of the order of 1-2 wall thicknesses
(Ding, 1992;Colemanetal., 1992).

2.3. Finite element modelling
A ground-supported cylindrical silo with a radius of 5 m, a height to radius ratio

HIR = 2 and a radius to wall thickness ratio R;t = 500 was analysed (Fig. 2). For the stored
solid, a conical surcharge angle of 25 (angle of repose) was used. The floor of the silo was
treated as rough, providing a full horizontal restraint to the stored solid. The wall was
assumed to be fixed at the base and free at the top. Young's modulus and Poisson's ratio
of the silo wall were taken as £ ... =2 x 105 MPa and v" =0.30. respectively. representing a
steel wall. For the stored solid, Young's modulus and Poisson's ratio were taken as £, = 10
MPa and v,=0.30, respectively.

The present investigation was carried out using the Abaqus finite element program
(Hibbit et al., 1993). A uniform body force was applied to the stored solid in the vertical
downward direction to simulate gravity loading. An incremental loading approach was
taken ignoring the effects of progressive filling. The axial symmetry of the silo and stored
solids and a uniform loading allow the use of axisymmetric elements in the finite element
modelling. An 8-node doubly curved continuum element (CAX8) and a 3-node quadratic
shell element (SAX2) were used to model the stored solid and silo wall respectively. An
example of the mesh is shown in Fig. 3. A classical Coulomb interface (ISL22A) was used
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to model the frictional sliding between the solids and the shell. A wall friction coefficient of
J1 = 0.50 was used throughout. The elastic slip limit before sliding occurs was varied to
investigate its effect. The results were almost completely independent of this parameter
because all points slip except those very very close to the bottom of the silo. A value of
10- 4 of the mean height of all the interface elements was set as the limit of the elastic slip
for the present study.

2.4. Conl'ergence test
The presence of the geometric imperfection causes rapid local changes in pressure. A

finer element mesh is required in the area of the imperfection to obtain accurate predictions
of wall pressure. However a very fine mesh may lead to computational instability. giving
unrealistically high predicted wall pressures. To make sure that this does not happen and
to check on the sensitivity of the results to the mesh. a convergence test was carried out by
varying the number of elements over the height of the imperfection. The Gauss point
stresses for four different meshes are shown in Fig. 4. The peak normal wall pressure
induced by the local imperfection converges to a stable value. A stable and accurate
prediction can be obtained using 24 elements over the zone (.:" - i.) <.: < (.:" + i.). It may
also be noted that the position of the peak pressure moves slightly lower towards the centre
of the imperfection as the number of elements is increased. For all the following analyses.
a 24 element mesh over the imperfection zone was used.

J. JANSSEN PRESSURES

F or a perfect silo with no geometric imperfection. the wall pressures are quite closely
predicted by Janssen theory (1895) which is given by

··R
p='[I-e

2p
~,lIk(}f (2)

in which ~' is the unit weight of the solid and the lateral pressure ratio k is the ratio of
normal wall pressure to mean vertical stress in the solid. The theory predicts that the normal
wall pressure increases towards an asymptotic value at great depth (Py = ~·R/2J1).
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Janssen theory assumes a constant lateral pressure ratio k. Many methods for cal
culating the lateral pressure ratio have been proposed (e.g. Koenen, 1895; laky, 1948;
Walker, 1966, Walters, 1973; Jenike et al., 1973b: Hartlen et al., 1984). The majority are
based on the failure friction angle of the bulk solid. However, under storing conditions, it
can be shown that much of the solid is not at failure (Ooi and Rotter. 1990), so the lateral
pressure ratio k can be approximated by the elastic value for a solid confined within an
elastic shell (Ooi, 1990)

\'
k=

I-r+:x
(3)

in which 'l. is the wall relative stiffness parameter and is equal to E,R/ E"f. Janssen pressures
form the basis for comparison with the finite element predictions in the next section.

4. TYPICAL SILO ANALYSIS

4.1. General
The typical squat silo outlined in Section 2 was analysed with and without an imper

fection. The normal wall pressure distributions for both analyses are shown in Fig. 5.
Janssen's prediction is also shown for comparison. The distribution for wall frictional
traction is not shown here as it is similar to that for the normal wall pressure throughout
the whole height, indicating that friction is fully mobilised everywhere for this silo.

4.2. Perfect silo
For the perfect silo, the finite element results agree very well with the Janssen solution

except near the top and bottom boundaries (Fig. 5). Near the top, the Janssen pressures
are much larger with a finite pressure at first wall contact which is clearly invalid. This is
caused by taking the effective surface of the solid at :: = (H+ R tan {J!3) to account for the
conical surcharge above the solid/wall first contact (Fig. 2).

Near the bottom, the wall pressures are affected by the base boundary conditions.
Towards the bottom, the wall pressure increases gradually to a peak value at around
::R = 0.2. Below this peak. the finite element prediction shows a rapid decrease in pressure.
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Fig. 5. !\ormal wall pressure for typlCal perfect and imperfect silo.
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Fig. 6. Comparison on local pressure vanation with Imperfection geometry.

This phenomenon is not predicted by Janssen theory since it does not take into account the
bottom boundary. It is caused by the vicinity of the silo floor and is affected somewhat by
the modelling of the solid;f1oor interface. The shear stress in the solid caused by the floor
restraint has greatly reduced the magnitude of the horizontal pressure near the wall,
resulting in much smaller normal wall pressure.

Very close to the bottom of the wall (:: R ~ 0.015), another sharp and highly local
peak can be seen. This is caused by the local wall bending phenomenon and solid/wall
interaction. It is expected to be sensitive to the restraint condition of the silo wall but has
no significant effects on the stresses in the wall and can therefore be ignored in design.

4.3. Silo \rirh an imperj"ection
An axisymmetric geometric imperfection as described by eqn (I) was next introduced

to the silo wall. It is located at ::,,/ R = 0.6 from the bottom and has an amplitude of bjr = 1.
A close up of the local pressure variation and the imperfection radial deviation with

height are shown in Fig. 6. It is noted that pressure increases sharply to a peak value just
above the centre of imperfection. On both sides of the increase. the pressures decrease
below those for the perfect silo. with a much larger decrease on the lower side (Fig. 6).
Away from the vicinity of the imperfection. the pressure distribution remains the same as
that under a perfect wall condition.

This geometric imperfection has produced a rise in pressure from 0.49p" to a maximum
pressure of 0.98p f • which is an increase of 100% in normal pressure over that of a perfect
silo. The two corresponding pressure drops are 0.06p f. and 0.36p". respectively. It is possible
that these two pressure drops are caused by the slightly larger silo cross-section at the two
tails of the imperfection. This is further investigated in Section 5.

It appears that for every pressure increase caused by an imperfection, there are two
corresponding pressure drops which tend to cancel out the overall increase in pressure for
the whole silo. In other words, the present study suggests that axisymmetric geometric
imperfection does not increase the overall Janssen pressures, but merely causes a redis
tribution of the pressures locally.

The wall meridional and hoop (circumferential) membrane stresses are shown in Fig.
7. The frictional traction of the solid against the wall generates axial compression in the
silo wall. Since the pressure increase caused by the imperfection is bounded by two pressure
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Fig. 7. Predicted circumferential and meridional membrane stresses in imperfect silo.

drops, the overall effects of the local traction variation on the wall meridional compression
is minimal (Fig. 7). Away from the boundary and the geometric imperfection zone, the
hoop stress differs from the normal wall pressure distribution only by the factor R!t as
would be predicted by the membrane theory of shells. Near the imperfection, the hoop
stress is strongly affected by the changed geometry. The structural response spreads the
effect of the local couple, leading to hoop tension above the imperfection and hoop com
pression below it. This is caused by the meridional membrane stress going over a local
radially inward geometric imperfection, which has been studied extensively elsewhere
(Rotter and Teng, 1989).

5. GEOMETRY OF LOCAL IMPERFECTIO\l

It was thought that the slightly increasing silo cross-section associated with the tails of
the reference imperfection could have caused the reduced pressure zones on both sides of
the increased pressure zone (Fig. 5). Thus an alternative imperfection shape is chosen with
a similar geometry but without the increasing radius in the tails of the imperfection. This
modified imperfection is shown in Fig. 8 and is described by

(4)

Also shown in Fig. 8 is a close up view of the pressure distributions for both imperfections.
The reduced pressure zones are clearly present for both geometric imperfections and are
not caused by the slight increase in silo cross-section. The local pressure variations for both
imperfections are almost identical since away from the tails, the geometries for both
imperfections are very similar.

6. HEIGHT OF LOCAL IMPERFECTlOI\

The effect of the height of imperfection is explored by comparing the results for two
imperfections, described by eqn (I) with n = I and 2. respectively. The n = 2 imperfection
has twice the height of the n = 1 imperfection (reference case). The imperfection shapes
and a close up view of the resulting normal pressure distributions are shown in Fig. 9. The
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local deviations in pressure have become smaller and spread over the increased height of
the imperfection. The maximum increase in pressure has reduced from 0.49p, to O.llp J'

At the imperfection location, the solid is compressed radially as it consolidates and
slips over the imperfection. As the compressive strain increases, the local rise in pressure is
expected to increase accordingly. The average radial strains for these two imperfect silos
are also shown in Fig. 9. Compressive strain is taken as positive here. The pressure deviations
are seen to vary in a similar manner to the variation of the radial strains. However, the
positions of the maximum pressure are much closer to the centre of the imperfections than
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the positions of the maximum compressive radial strain. Further study is required to
understand this phenomenon.

For a silo, the degree of radial compression in the solid is strongly governed by the
magnitude of slip against the wall locally. This. in turn, is affected by the stiffness of the
solid and the flexibility of the wall. It should also be noted that if progressive filling is
modelled, the magnitude of slip predicted would be smaller. This is because much of the
settlement of the solid up to the height of the imperfection would have taken place before
the solid reaches the imperfection without further filling. Therefore the pressures predicted
in the present study are probably larger than what might have occurred. However the
pattern of the local pressure changes due to the presence of a geometric wall imperfection
is clearly illustrated.

7. EXPERIMENTAL EVIDE"JCE

A geometric wall imperfection has been suggested as a primary cause for the significant
deviations from the Janssen pressure distribution observed in many experiments (Munch
Andersen and Nielsen. 1990; Ooi et al.. 1990; Ooi and Rotter. 1991). However. exper
imentally quantifying the effect of a geometric imperfection on silo wall pressures is difficult
because the traditional method of measuring silo pressures is to use pressure cells. which
are particularly difficult to install at locations with significant local geometric imperfection.
The installation may also introduce a further "imperfection" in the wall (Askegaard et al.,
1972; Askegaard and Andersen, 1982). For thin metal silos, strain gauges have been used
to infer the silo wall pressures (Blight, 1990; Bishara 1992; Rotter et al., 1995). However,
these silos are thin walled shells which exhibit complex behaviour. made even more com
plicated when geometric imperfections are involved. The strain readings must be subjected
to careful analysis to infer the pressure distribution with confidence (Chen et al.. 1996).

Thus, proper experimental validation of the present theoretical study is not straight
forward. However some limited evidence can be derived from published data. Figure 10
shows the pressures measured on a 152 mm diameter model silo by Jenike et al. (1973a)
during flow. The measurements were made on a slightly converging and a slightly diverging
cylinder, both with and without "ledges ... of the order of magnitude of weld shrinkage at
a typical girth seam' (Jenike et al., 1973a). The result shows that wall pressures increased
"by a factor of two to three locally' at the imperfection. This compares with a factor of 2
for the reference case in the present theoretical study. Reduced pressure zones predicted in

pJ 0
pot
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\

~- -
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Pit I 0 50 P
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Fig. 10. Measured wall pressures in model silo with sand (aJ"ter Jenike ('I £II.. 1973a).
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the present study were also found near the ledges in these tests (Fig. 10). Whilst these
measurements were made during flow, it may be that consolidation of the stored solid
during filling is sufficient to move the solid over the imperfection partially and induce the
pressure changes. Similar deduction may be made from other experiments involving pres
sure cells after filling (Askergaard et al., 1972).

The effect of an axisymmetric imperfection on silo pressures has been studied recently
in a full scale experimental investigation (Rotter et al., 1995). Initial analysis has shown
that a considerable increase in pressure exists at the imperfection at the end of filling (Rotter
et aI., 1995). However, this is beyond the scope of this paper and will be presented elsewhere.

8. CONCLUSION

A finite element study of the effects of an axisymmetric wall imperfection on pressures
acting on circular silo walls has been presented. The presence of a geometric imperfection
has been shown to cause significant local variation in wall pressures. A simple study
exploring the effects of the geometry and height of imperfection has also been presented.
The height of imperfection was found to affect the local pressure variation significantly. In
general, the pressure deviations vary in a similar manner to the variation of the radial
strains in the solid.

The present study has also shown that an axisymmetric geometric imperfection does
not increase the overall wall pressures. but merely causes a redistribution of the pressures
locally. The corresponding pressure drops tend to cancel out the increase in pressure above
the centre of imperfection. This implies that wall imperfection has little effect on the
meridional membrane stress in the silo wall.
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